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Motivation

Industrial Application + machine learning (ML) – require accurate & explainable
models [1]
Uncertainty modelling enables another dimension of transparency [2] &
improves human-machine decision-making [3], [4]
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attribute uncertainties!
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Motivation

Industrial Application + ML – require accurate & explainable models [1]
Uncertainty modelling enables another dimension of transparency [2] &
improves human-machine decision-making [3], [4]

� join XAI & UCQ to attribute uncertainties!
� Existing methods [5]–[7] do not consider ground truths & Uncertainty

propagation [8]
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Uncertainty propagation [8]

Linear uncertainty propagation

Linear function:

g(x) = Ax+ b (1)

Forward propagation [8]:

Σg = AΣxAT . (2)

x ∈ Rd . . . data sample with d features
g(x) ∈ Ro . . . ground truth function with o features

A ∈ Ro×d . . . affine parameter

Σx ∈ Rd×d . . . input covariance matrix

Σg ∈ Ro×o . . . output covariance matrix
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Uncertainty propagation [8]

Nonlinear uncertainty propagation

Taylor series expansion:
g(x′) = g(x) + JTx(x

′ − x) +O(x′ − x), (3)

Forward propagation:
Σg = JTxΣxJx. (4)
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Nonlinear uncertainty propagation
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g(x′) = g(x) + JTx(x

′ − x) +O(x′ − x), (3)

Forward propagation:
Σg = JTxΣxJx. (4)

Assuming a single-output function g(x) and constrain Σx to an uncorrelated uncertainty diag(σ2
x), the expression

simplifies to

σ2
g(x) = ∇xg(x)Tdiag(σ2

x)∇xg(x)

σ2
g(x)︸︷︷︸
Ë

= (∇xg(x)2)T︸ ︷︷ ︸
Ë

σ2
x︸︷︷︸
?
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Smoothness constrained attribution (SCA) I

Problem proposal

Minimization of error:

σ2∗
x = argmin

σ2
x

((∇xg(x)2)Tσ2
x − σ2

g(x))
2 (5)

Assuming smooth K-neighbors [9]:

assume σ2
xi ≈ σ2

xh (6)

thus σ2∗
xi = argmin

σ2
xi

K∑
h=1

((∇xhg(xh)
2)Tσ2

xi − σ2
g(xh))

2 (7)
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Smoothness constrained attribution (SCA) II

Problem solution
Define

B =

(∇x0g(x0)2)T

...
(∇xKg(xK)2)T

 , s =


σ2
g(x0)

...
σ2
g(xK)

 ,

and solve
σ2
xi = argmin

σ2
xi

∥∥Bσ2
xi − s

∥∥2
2 . (8)

using the Moore-Penrose inverse [10]–[12]:
σ2∗
xi,unc. = (BTB)−1BTs. (9)
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Extension

ℓ2-regularization

ℓ2 penalty

σ2∗
xi = argmin

σ2
xi

∥∥Bσ2
xi − s

∥∥2
2 +

λ

2
∥∥σ2

xi

∥∥2
2 (10)

yields the regularized solution

a(xi) = σ∗
xi,ℓ2

=
√

(BTB+ λI)−1BTs. (11)
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Extension

ℓ2-regularization

ℓ2 penalty

σ2∗
xi = argmin

σ2
xi

∥∥Bσ2
xi − s

∥∥2
2 +

λ

2
∥∥σ2

xi

∥∥2
2 (10)

yields the regularized solution

a(xi) = σ∗
xi,ℓ2

=
√

(BTB+ λI)−1BTs. (11)

? Unknown ∇xg(x) & σ2
g(x)
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Implementation

Assumptions

∇xg(x) ≈ Φ(f , x). (12)

σ2
g(x) ≈ Ua(x)2. (13)

Ë Eq.12: Use robust XAI [13]

Ë Eq.13: Use calibrated UCQ [14]
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Implemented input uncertainty attribution mechanisms (iUCAMs)

Smoothness constrained attribution (SCA) Gaussian: sample K Gaussian
neighbors
SCA kNN: find k closest neighbors
SCA Oracle: Use “ideal” model - ground truth ∇xg(x) & σg(x)
Predict 0: simplest baseline
Gradient-based / SHAP: explain Ua(x) [5], [6]
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Overview iUCAM

Data x̃, y

Input Standard
Deviation σx

Train ML
Model

µ∗(x),Ua(x)

Learned
µ∗(x),Ua(x)

Uncertainty Attribution using
sampling - SCA Gaussian & kNN

Uncertainty Attribution
using Ground Truth Un-
certainties - Oracle SCA

SCA: aSCA(x):
Ua(x) ≈ ∇xf (x)Tdiag(σ2

x)∇xf (x)

Uncertainty Attribu-
tion using XAI Φ(f , x):

aXAI(x)
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Evaluation overview - Inverse Crime

xij ∼ Xj

g(x)

Add
heteroscedastic noise
x̃i = N (xi, diag(σx))

Train µ∗(x),
Ua(x)

Evaluate & Score
siUCAM,ℓ2

xi

yi

x̃i

f (xi)
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Datasets
Toy Datasets [15]
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iUCAM Visualization
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Figure: Visualized vectors of the iUCAM, for l = 0.60 on the polynomial Gaussian mixture
model (GMM) with the light gradient boosting machine (LightGBM).
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iUCAM Results
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Figure: Results of the uncertainty attribution noise sweep using the LightGBM.



Motivation iUCAM Evaluation Results Bibliography Appendix

Conclusion

� Smoothness constrained attribution (SCA): model-agnostic & source free iUCAM
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Conclusion

� Smoothness constrained attribution (SCA): model-agnostic & source free iUCAM

� SCA performs well on lower dimensional datasets

� Future work: improve hyperparameters for high dimensional data
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Causal Approaches

? Understand process

� Causal learning?

? Unknown ground truths, bad
performance

Figure: “Ground truth” Causal Graph
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Regression scoring

sR2

sR2 = 1 −
∑n

i=1(µ̂(xi)− yi)2∑n
i=1(µ− yi)2

xi . . . input data sample
µ̂(xi) . . . prediction

yi . . . Target:

µ . . . mean of Target: s
n∑
i=1

yi

Target: sXAI ≈ 1, worse than mean predictor if sXAI < 0
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iUCAM scoring

siUCAM,ℓ2

siUCAM,ℓ2 =
1
n

n∑
i=1

∥a(xi)− σxi∥

a(xi) . . . attribution
σxi . . . ground truth heteroscedastic noise

Target: siUCAM,ℓ2 ≈ 0
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More iUCAM Results I
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Figure: Results of the uncertainty attribution noise sweep using on the Polynomial GMM -
siUCAM,ℓ2 .
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More iUCAM Results II
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Figure: Results of the uncertainty attribution noise sweep using on the Polynomial GMM -
siUCAM,cos.
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More iUCAM Results III
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Figure: Results of the uncertainty attribution noise sweep using on the Styblinski-Tang, d = 4
dataset & LightGBM.
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SCA Ablation Studies I

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

2.5

Noise Level

s iU
CA

M
,ℓ

2

SCA Oracle

Predict 0

SCA Single

SCA Gaussian K = 2, σ = 0.1

SCA Gaussian K = 4, σ = 0.1

SCA Gaussian K = 8, σ = 0.1

(a) Varying K

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

2.5

Noise Level

s iU
CA

M
,ℓ

2

SCA Oracle

Predict 0

SCA Gaussian K = 4, σ = 0.01

SCA Gaussian K = 4, σ = 0.05

SCA Gaussian K = 4, σ = 0.1

(b) Varying σ

Figure: Ablation studies on the SCA with the Polynomial GMM.
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SCA Ablation Studies II
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Figure: Ablation studies on the SCA with the Polynomial GMM.
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